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Abstract 

In this article we prove that every entire curve in a generic hyper- 
surface of degree d > 593 in is algebraically degenerated i.e there 
exists a proper subvariety which contains the entire curve. 

Resume 

Dans cet article nous demontrons que toute courbe entiere dans une 
hypersurface generique de degre d > 593 dans Vk est algebriquement 
degeneree i.e il existe une sous-variete propre qui contient la courbe 
entiere. 

1 Introduction 

In 1970, S. Kobayashi conjectured in jH] that a generic hypersurface X in 
is hyperbolic provided that d = deg(X) > 2n — 1, for n > 3. For n = 3, it was 
obtained by Demailly and El Goul in |lj that d > 21 implies the hyperbolicity 
of very generic hypersurfaces X in P^. 

In this paper, we would like to prove the following: 



Theorem 1 Let X C P^ be a generic hypersurface such that d = deg(X) > 
593. Then every entire curve f : C — > X is algebraically degenerated, i.e 
there exists a proper subvariety Y C X such that /(C) C Y. 

This result is a weaker version of the conjecture in dimension 3, because to 
obtain the full conjecture one needs to prove that the entire curve is constant. 
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The proof of the theorem is based on two techniques. Consider X C 
p4 x piv d £ ne un j versa i hypersurface of degree d in P 4 . 

In the first section we construct meromorphic vector fields on the space 
J%{X) of vertical 3-jets of X. This technique, initiated by Clemens Ein 

Voisin [T3], was generalized by Y.-T. Siu [THj and detailed by M. Paun in 
dimension 2 JU] • Here we generalize M. Paun's computations in dimension 3 
and obtain that a pole order equal to 12 is enough to obtain a "large" space 
of global sections of the twisted tangent bundle. 

In the second section, we summarize the main facts about the bundle of 
jet differentials of order k and degree m, Ek, m Tx- The idea, in hyperbolicity 
questions, is that global sections of this bundle vanishing on ample divisors 
provide algebraic differential equations for any entire curve / : C — ► X. 
Therefore, the main point is to produce enough algebraically independent 
global holomorphic jet differentials. In the case of surfaces in P 3 of degree 
d > 15, one can produce global jet differentials of order 2 vanishing on am- 
ple divisors using a Riemann-Roch computation and a Bogomolov vanishing 
theorem (see Y.-T. Siu, in [13], described a way to produce global jet 
differentials vanishing on ample divisors for hypersurfaces of sufficiently large 
degree d in P n , for any n. One problem is that the bound obtained for d is 
quite high. If we are interested in the degree d for smooth hypersurfaces 
of P 4 , an interesting result obtained in 12j, is the existence of global jet 
differentials of order 3 vanishing on ample divisors for d > 97. 

In the last section we complete the proof of the theorem using Siu's ap- 
proach |13| . by taking the derivative of the jet differential in the direction 
of the vector fields constructed in the first part, and Mihai Paun's "trick" 
described in [10: to avoid the use of McQuillan results (cf. [Oj). 

Acknowledgements. We would like to thank Mihai Paun for his lec- 
tures about Siu's ideas given at the summer school Pragmatic in Catania, 
2004. 

2 Vector fields 

In this first section, we generalize to dimension 3 the approach of Mihai Paun 
[TU] which gives some precisions to Siu's ideas ^3] in dimension 2. Consider 
X C P 4 x P^ the universal hypersurface given by the equation 

a a Z a = 0, where [a] G ¥ Nd and [Z] G P 4 . 

\a\=d 

We use the notations: for a = (ato, 014) G N 5 , \a\ = J2i a i an d if 
Z = (Z , Zi, Z4) are homogeneous coordinates on P 4 , then Z a = FJ Zj 3 . X 
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is a smooth hypersurface of degree (d, 1) in P 4 x F Nd . We denote by J${X) the 
manifold of the 3-jets in X, and J%(X) the submanifold of J S (X) consisting 
of 3-jets in X tangent to the fibers of the projection 7r : X — > P^. 

Let us consider the set fi := (Z ^ 0) x (a dooo ^ 0) C P 4 x P Wd . We 
assume that global coordinates are given on C 4 and C Nd . The equation of X 
becomes 

|a|<d, ai<d 

Then the equations of J%(X ) in C 4 x x C 4 x C 4 x C 4 can be written: 

a - z ° = (!) 

|a|<d, a<jooo =1 

E E ^ (1, = ° < 2) 

i=l |a|<d, a d ooo=l 5 

E E -|-ti 2, + E E <kW=° © 

j=l |a|<d, a d0 oo=l j,fc=l|a|<<2, a do0 o=l 



0*° ™ d 2 z a 



E E -i-^^E E 

1 =1 \a\<d, a d000 =l J j,k=l\a\<d, a d000 =l 

+ E E -alS^W = (4) 

j,fc,Z=l|a|<<i, a d0 oo=l 



Consider now a vector field 

|a|<d, ai<d a 3 3 j,k U $3 



on the vector space C 4 x x C 4 x C 4 x C 4 . The conditions to be satisfied 
by V to be tangent to J^(X ) are 

4 ^ Q z a 
\a\<d, ai<d j=l \a\<d, a d0 oo=l 3 

E E <^ (1) +E E °*£&^ )+ t E -t^o 

j=l |a|<d, ai<d J j,fc=l|a|<d, a d0 oo=l J j=l |a|<d, a d0 oo=l J 
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E £^ + E^k 

\a\<d, ai <d j=l 3 j,k=l 3 

+E E 8 «£p;^ + E d^z^* ^ )Vj 

j=l\a\<d, a d000 =l k=l 3 k,l=l 3 

+ E (E-S^+^f^E^^f) - 

H<d, a d000 =l j,k=l 3 j=l 3 



E E^f «Efefd" + E^f^'V 

+V V a (T 92 za r (3) 1 af ^ Q r (2) r (1) 1 V — 

J=l|a|<d, o do0 o=l fc=1 M=l fe,i,m=l 

+ E ( E a «^^' ^ ^ Wfe ^ ^ Wi ] 



\ot\<d, a d0 oo =1 3:^,1=1 



Now we can introduce the first package of vector fields tangent to J%(Xq). 
We denote by Sj G N 4 the multi-index whose j-component is equal to 1 and 
the other are zero. 

For c*i > 4 : 

\/ 4000 - 9 \r 9 I fir 2 - 1r 3 g | 4 g 

Ca Q Oa a ^S! 0(10-28! COa-3<5i Ca a -4Si 

For ax > 3, a 2 > 1 : 
Kf 00 : =A_3z 1 _?_- 22 _?_ + 3^ " 



a— 5i— 82 

, o 2 9 o 2 19 3 9 , 3 5 
TO^- OZ x Zi— 2^— h ^1^2^ • 

For e*i > 2, a 2 > 2 : 

T/ 2200 9 9 9 , 2 9 , 2 9 2 2 d 

a : ~ 7) Z2 Ti Zl Ti *~ Zl z z~a *~ z i Z2 ~a z i z 2^ 

oa a oa a s 2 Ca Q _5 1 Oa a _s 1 -28 2 Oa a -25 1 -5 2 Oa a -28 1 -28 2 
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For cti > 2, a 2 > 1, CK3 > 1 : 

TA2iin d d d n d d 
v a ■ =0 z ^ z ^ 2z ^ + ^3- 



0d a dOj a ^d. A d(l a —§2 9 ^a—Si dQ j a—82—&z 

d d 2 d 

+2z 1 z 3 - h 2ziZ 2 t: h z 1 - 



da a ^s 1 s i da a -5 1 -8 2 9a a— 2$i 

O 9 2 9 2 9 . 2 9 

-ZZ1Z2Z3— Z 1 Z 3~K Z l Z2 ~n <~ Z 1 Z 2 Z 3'. 



For cci > 1, ct2 > 1, 0:3 > 1, CK4 > 1 : 
T/iiii . _ 9 7 9 7 9 _ 5 



da a da a ^s! 9 <^a-s 2 9a a~s :i 

d d d 

—Z4— h ^2^3^4 7^ 1" Z1Z3Z4- 



d d d 



-\-Z1Z2Z3— h Z\Z2Z^— Z1Z2Z3Z4 



9a a— 81—82— &■>, 9( ^a— 81—82— 84 9< ^a—8i — 82—83 — 84, 

Similar vector fields are constructed by permuting the z-variables, and 
changing the index a as indicated by the permutation. The pole order of the 
previous vector fields is equal to 4. 



Lemma 2 For any (i>j)i<i<4 G C 4 , there exist v a (a), with degree at most 1 in 
the variables (a 7 ), such that V := ^v a {a)-^- + J2vj-£- is tangent to J^(X ) 

a ' j 3 

at each point. 



Proof. We impose the additional conditions of vanishing for the coefficients 
of ^ in the second equation (respectively of ^j 1 ^ 1 ^ in the third equation 

and Cj 1 ^ 1 ^} 1 ^ in the fourth equation) for any 1 < j < k < I < 4. Then 

the coefficients of ^ (respectively and ^) are automatically zero 

in the third (respectively fourth) equation. The resulting 35 equations are 

v a z a + j2 E a ^ v J = ° 

\a\<d, a 1 <d j=l \a\<d, a dQm =l 3 

dz a 4 d 2 z a 

E ^ + E E a °d^dz- k Vk = ° 

\a\<d, ai<d J k=l\a\<d, a dQ00 =l J 

d 2 z a V a v 

^dzjdz k Va f-f f-*> aa dz j dz k dzi Vl 

a J 1=1 \a\<d, a d0 oo=l 



J m=l|a|<d, a d0 oo=l 

Now we can observe that if the v Q (a) satisfy the first equation, they 
automatically satisfy the other ones because the v a are constants with respect 
to z. Therefore it is sufficient to find (v a ) satisfying the first equation. We 
identify the coefficients of z p = z Pl z% 2 z^ z^ 4 : 

4 

v P + ^2 a P+Sj v j(Pj + 1) = 

□ 

Another family of vector fields can be obtained thanks to the generaliza- 
tion to dimension 3 of a lemma (cf. JU]) given by Mihai Paun in dimension 
2. Consider a 4 x 4-matrix A = (A)) e M 4 (C) and let V := E^-w, 

j,k 3 

where w<® := A^ k \ for k = 1,2, 3. 

Lemma 3 There exist polynomials v a (z, a) := Yl v»(a)zP where each coef- 

l/3|<3 

ficient Vp has degree at most 1 in the variables (a 7 ) such that 

V ~jy^,a)±- + V 

a 

is tangent to J^(X ) at each point. 

Proof. We impose the additional conditions of vanishing for the coefficients 
of £j in the second equation (respectively of in the third equation 

and £j £j£ £j in the fourth equation) for any 1 < j < k < I < 4. Then 

the coefficients of £^ (respectively Q ^ and ^) are automatically zero 
in the third (respectively fourth) equation. The resulting 35 equations are 



v a z a = (5) 



|a|<d, a\<d 

E v- 9 £: + t E °° 8 £ k A i = o (»,) 

\a\<d, ai<d k=l \a\ <d, ^000=1 

d 2 z a d 2 z a d 2 z a 

E^« + E"«ap^ + E««a^4 = ° ft* 

a J K a,p J P 0)P up 



d 3 z a ^ d 3 z a . ^ d 3 z a Ak d 3 z a 

'r)r -fly, fir, a ' a r)y r)y, r)y, p ' 01 r)y r)y r)y, p 



dzjdzhdzi ^ dz v dzhdzi p ^ dzjdz v dzi v ^ dzjdzudz v v 

a J a,p ' a,p J F a,p J F 

The equations for the unknowns Vp are obtained by identifying the coef- 
ficients of the monomials z p in the above equations. We can do the following 
reductions: using equations 6j v* — if \a\ + \/3\ > d + 1, and using the 
equation of X , we can assume that degree in the z\ variable is at most d — 1. 

The monomials z p in (5) are z pi z 9 ? z^ z z p £ with p^ < d and p\ < d—1. 

If all the components of p are greater than 3, then we obtain the following 
system 

9. The coefficient of z p in (5) impose the condition 

a+f3=p 

10j. The coefficient of the monomial z p ~ 6j in (6j) impose the condition 

Y a 3 v 1 = ^( a ) 

a+fl=p 

where lj is a linear expression in the a-variables. 

lljj. For j = 1, ...,4 the coefficient of the monomial z p ~ 25j in (7jj) impose 
the condition 

a+/3=p 

lljk- For 1 < j < k < 4 the coefficient of the monomial z p ~ S] ~ Sk in {7jk) 
impose the condition 

Y a i( a i ~ 1 H = l 3k{°) 

a+/3=p 

For j = 1, 4 the coefficient of the monomial z p ~ 3Sj in (8^) impose 
the condition 

a+f3=p 

12jjk- For 1 < j < k < 4 the coefficient of the monomial z p ~ 25j : ~ Sk in 
(Sjjk) impose the condition 

Y a i( a i ~~ l ) a ^ v P = l nk( a ) 

a+(3=p 



12j ki . For l<j<k<l<A the coefficient of the monomial z p 5] 5k 5l 
in (8jjk) impose the condition 

^ atjOCkaiVp = ljki(a) 

a+p=p 

As in the case of dimension 2 (cf. JU]) we obtain that the determinant of 
the matrix associated to the system is not zero. Indeed, for each p the matrix 
whose column C@ consists of the partial derivatives of order at most 3 of the 
monomial z p ~@ has the same determinant, at the point zq = (1, 1, 1, 1), as our 
system. Therefore if the determinant is zero, we would have a non-identically 
zero polynomial 

Q(z) = J2 a ^ P ~ P 

such that all its partial derivatives of order less or equal to 3 vanish at Zq. 
Thus the same is true for 

p(*) = ^Q(i . ..,!) = 

Zl z 4 - 

But this implies P = 0. 

Finally, we conclude by Cramer's rule. The systems we have to solve are 
never over determined as well. The lemma is proved. □ 

Proposition 4 Let S := {(z, a, £® , G J$(X) / ^A^A^' = 
0}. Then the vector space Tjv^<g> F 4 (12) <%>G ¥ N d (*) is generated by its global 
sections on Jg(Af)\S, where S is the closure o/ So- 
Proof. From the preceding lemmas, we are reduced to consider V = v a^~ 

M<3 

The conditions for V to be tangent to J|(Af ) are 

M<3 

t £ ^ w = ° 

j=l\a\<d, ai<d 3 
|a|<3 3=1 3 j,k=l 3 K 
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|q|<3 3=1 3 j,k=l 3 K j,k,l=l 3 

We denote by Wjki the wronskian operator corresponding to the variables 
Zj, Zk, Z\. We can suppose W123 := det(£j^)i<ij<3 7^ 0. Then we can solve the 
previous system with t>oooo ; ^iooch ^oioO) ^ooio as unknowns. By the Cramer 
rule, each of the previous quantity is a linear combination of the v a , \a\ < 3, 
a ^ (0000), (1000), (0100), (0010) with coefficients rational functions in 
■ The denominator is W123 and the numerator is a polynomial 
whose monomials verify either: 

i) degree in z at most 3 and degree in each £W at most 1. 

ii) degree in z at most 2 and degree in £^ at most 3, degree in ^ at 
most 0, degree in ^ at most 1. 

iii) degree in z at most 2 and degree in £W at most 2, degree in ^ at 
most 2, degree in ^ at most 0. 

iv) degree in z at most 1 and degree in £W at most 4, degree in ^ at 
most 1, degree in ^ at most 0. 

£W has a pole of order 2, ^ has a pole of order 3 and ^ has a pole of 
order 4, therefore the previous vector field has order at most 12. □ 

Remark 5 // the third derivative of f : (C, 0) — > X lies inside S then the 
image of f is contained in a hyperplane section of X. 

3 Jet differentials 

In this section we recall the basic facts about jet differentials following J.-P. 
Demailly [3J. 

Let X be a complex manifold. We start with the directed manifold 
(X,T X ). We define X 1 := P(T X ), and V x C T Xl : 

Vi,(x,[v]) ■= {£ e T Xl) ( x ,[v]) ; ?r*£ e Cv} 

where it : X\ — >• X is the natural projection. If / : (C, 0) — > (X, x) is a germ 
of holomorphic curve then it can be lifted to Xi as . 

By induction, we obtain a tower of varieties (Xk,Vk). i^k '■ — > X is 
the natural projection. We have a tautological line bundle Ox k (l) and we 
denote u k := Ci(0 Xk (l)). 

Let's consider the direct image TTk*{0 Xk {m)). It's a vector bundle over 
X which can be described with local coordinates. Let z = (zi,...,z n ) be 
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local coordinates centered in x G X. A local section of ix k *{Ox k {m)) is a 
polynomial 

P= R a {z)dz ai ...d k z ak 

|ai|+2|a2|+—+fc|afc|=m 

which acts naturally on the fibers of the bundle J k X — * X of fc-jets of 
germs of curves in X, i.e the set of equivalence classes of holomorphic maps 
/ : (C, 0) — > (X, x) with the equivalence relation which identifies two such 
maps if their derivatives agree up to order k, and which is invariant under 
reparametrization i.e 

p((f o 0)', (/ o <t>)(% = 4?(t) m P(f, 

for every G the group of fc-jets of biholomorphisms of (C, 0). The vector 
bundle n k *{Ox k {jn)) is denoted E k>m T x . This bundle of invariant jet differen- 
tials is a subbundle of the bundle of jet differentials, of order k and degree m, 
^km^x X whose fibres are complex-valued polynomials Q(f, f", f^) 
on the fibers of J k X, of weight m under the action of C*: 

Q(Xf, X 2 f", A fc / (fc) ) = X m Q(f, f", /<*>) 

for any A G C* and (/', /", /(*)) G J fc X 

It turns out that we have an embedding J r k e9 X/G k -X&, where J r k 9 X 
denotes the space of non-constants jets. 

For fc = 1, E hm T x = S m T x . 

If X is a surface we have the following description of E 2tm T x . Let W 
be the wronskian, W = dz\d 2 z 2 — dz 2 d 2 zi, then every invariant differential 
operator of order 2 and degree m can be written 

p= R*Mdz a w k . 

|a|+3fc=m 

The following theorem makes clear the use of jet differentials in the study of 
hyperbolicity: 

Theorem (|7J, |3J). Assume that there exist integers k,m > and an 
ample line bundle L on X such that 

H°(X k , Xk (m) ® nlL- 1 ) ~ H°(X, E k>m T* x ® L' 1 ) 

has non zero sections o~i, a^. Let Z C X k be the base locus of these 
sections. Then every entire curve f : C — > X tangent to V is such that 
/[fei(C) C Z. In other words, for every global G k — invariant polynomial dif- 
ferential operator P with values in L" 1 , every entire curve f : C — > X tangent 
to V must satisfy the algebraic differential equation P(f) = 0. 
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Remark 6 In fact, this theorem is true for global sections of Ejf^T x van- 
ishing on an ample divisor. 

A complex compact manifold is hyperbolic if there is no non constant 
entire curve / : C — > X. Thus, the problem reduces to produce enough 
independant algebraic differential equations. 

If X C P 4 is a smooth hypersurface, we have established the next result: 

Theorem [12J. Let X be a smooth hypersurface of P 4 such that d = 
deg(X) > 97, and A an ample line bundle, then E^ m T x <S) A^ 1 has global 
sections for m large enough and every entire curve f : C — > X must satisfy 
the corresponding algebraic differential equation. 

The proof relies on the filtration of E^ m T x PI] : 

Gr'E 3t7n T x = © ( © r (Ai,A 2! A 3 ) r *) 

0<7<f {A 1 +2A 2 +3A 3 =m- 7 ; A i -A J > 7 , i<j} 

where T is the Schur functor. This filtration provides a Riemann-Roch com- 
putation of the Euler characteristic jTTj: 

q 

x(X,E 3m Tt) = -d(389d 3 -20739d 2 + 185559d-358873) + O(m 8 ). 

81648 x 10° 

In dimension 3 there is no Bogomolov vanishing theorem (cf. as it is 
used in dimension 2 to control the cohomology group H 2 , therefore we need 
the following proposition: 

Proposition [12J. Let A = (Ai,A2,A3) be a partition such that Ai > 
A 2 > A 3 and |A| = £ Ai > 4(d - 5) + 18. Then : 

h 2 (X, T x Tx) < g(X)d(d + 13) + q(X) 
where g(X) = f\ (A* — Xj) and q is a polynomial in X with homogeneous 

Ai > Xj 

components of degrees at most 5. 

This proposition provides the estimate 

h 2 {X, Gr'E^ m T* x ) < Cd{d + 13)m 9 + 0(m 8 ) 
where C is a constant. 
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4 Proof of the theorem 

Let us consider an entire curve / : C — > X in a generic hypersurface of P 4 . 
By Riemann-Roch and the proposition of the previous section we obtain the 
following lemma: 

Lemma 7 Let X be a smooth hypersurface of P 4 of degree d, < 5 < 
then h°(X, E 3 , m T x <g> if/™) > 5)m 9 + 0(m 8 ), mt/i 

a(d,<5) = d(-1945d 3 - 7840805 2 d 3 + 105030d 3 5 + 

v ' ; 408240000000 v 

10584005 3 d 3 + 103695d 2 + 707549W + 105837083 + 3222568805 2 d 
12600832505 - 4350024005 3 d - 68192712005 3 + 50518274405 2 - 
2255850d 2 5 - 158760005 3 d 2 - 818140505d + 117612005 2 d 2 ). 

Proof. E 3tTn T x ® K x Sm admits a filtration with graded pieces 

■p(Ai,A2,A3)y* <> j^-5m _ p(Ai— 5m,\2— 5m,\z— 5m)rp* 

for A x + 2A 2 + 3A 3 = m — 7; \ — \ > 7, i < j, < 7 < We compute by 
Riemann-Roch 

X (X, E 3:Tn T x ® X x 5m ) = X (X, Gr'E 3yin T x K x 5m ). 

We use the proposition of the previous section to control 



/i 2 (X, Y^- 5m ^- 5m ' x ^ 5m ^T x ) < g(X 1 - 5m, A 2 - 5m, A 3 - 5m)d(d + 13) + 

g(Ai — 5m, A2 — 5m, A3 — 5m) 

under the hypothesis Yl K ~~ 35m > A(d — 5) + 18. The conditions verified by 
A imply A; > therefore the hypothesis will be verified if 

m(- -35) > 4(d-5) + 18. 
We conclude with the computation 

X (X, J E 3 , m Ti®^ 5m )-/ i 2 (X,G'r' J E3, m Tl®^ <5m ) < h°{X,E 3 , m T x ®K x 5m ). 

□ 
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Remark 8 If we denote the quotient of J 3 ' re9 (X) by the reparametriza- 
tion group G 3 , one can easily verify that each vector field given at section 2 
defines a section of the tangent bundle of the manifold X£. 

We have a section 

a £ H°(X, E 3 , m T x <g> K x 5m ) ~ H°(X 3 , Xs (m) ® n* 3 K x 5m ). 

with zero set Z and vanishing order 8m(d — 5). Consider the family 

X C P 4 x F Nd 

of hypersurfaces of degree d in P 4 . General semi continuity arguments concern- 
ing the cohomology groups show the existence of a Zariski open set Ud C P^ 
such that for any a £ Ud, there exists a divisor 

Z a = (Pa = 0) C (X a ) 3 

where 

Pa € ^°(W 3 , C(^) 3 (m) ® TT*^) 

such that the family (P a )aef7 d varies holomorphically. We consider P as a 
holomorphic function on J 3 (X a ). The vanishing order of this function as a 
function of dz iy d 2 z il d 3 Zi (1 < i < 3) is no more than m at a generic point of 
X a . Wehave/ [3 ](C)cZ a . 

Then we invoke the proposition 0] which gives the global generation of 

Tjy ( Ar)® Op*(12)® <Va(*) 

on JJ(^)\E. 

If /[3](C) lies in E, / is algebraically degenerated as we saw in remark 
So we can suppose it is not the case. 

At any point of /[3](C)\E where the vanishing of P as a function of 
dzi, d 2 Zi, d 3 Zi (1 < i < 3) is no more than m, we can find global meromorphic 
vector fields v±, v p (p < m) and differentiate P with these vector fields such 
that v\...v p P is not zero at this point. From the above remark, we see that 
v\...v p P corresponds to an invariant differential operator and its restriction 
to (X a ) 3 can be seen as a section of the bundle 

0(x a ) 3 (m) ® P 4(12p - 5m(d - 5)). 

Assume that the vanishing order of P is larger than the sum of the pole 
order of the Vi in the fiber direction of tc : X — > F Nd . Then the restriction of 
v\...v p P to X a defines a jet differential which vanishes on an ample divisor. 
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Therefore /[3](C) should be in its zero set. Thus /[3](C) should be in the zero 
section of Jz(X a ) over a generic point of X a . 

To finish the proof, we just have to see when the vanishing order of P is 
larger than the sum of the pole order of the V{. This will be verified if 

5(d-5) > 12. 

So we want 5 > and a(d, 5) > 0. This is the case for d > 593. 
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